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Abstract 



1 Preliminary remarks. 



Let y be a Q-lattice of transcendental cycles on a K3 surface X, (p: V^qV — )■ Q the po- 
larization of the weight 2 Hodge structure on V, E = EndndgiV), ^- V^eV E the 
hermitian or bilinear form constructed in |[15j, = tr o $. 

Let C(y) be the Clifford algebra of the quadratic space (V, 0) over Q, C^iV) the even 
O '. Clifford algebra and KS{X) the Kuga-Satake variety of X. Here we define KS{X) from the 

^ \ weight 2 Hodge structure on the lattice of transcendental cycles V rather than on the whole 

O i lattice of primitive cycles H'^{X, Q)prim- In particular, the Kuga-Satake variety defined here 

Q ■ is isogenous to a power of the Kuga-Satake variety defined using the whole lattice of primi- 

^ - tive cycles (see [7]. \W\. U). 



We want to compute the endomorphism algebra End{KS{X))Q = EndudgiC^ {V)) . 



Let Z{^) be the Q-algebraic group ResE/Q^SOiy,^)), if _E is a totally real field, or 
ResEoiQ{U{V,^)), li E = Eo{9) is a CM-field (with the totally real subfield Eq). Recall, 
that according to [U], Z{^) is the Hodge group of the Hodge structure on V. 

Let CSpin{(j)): = {g E C~^{V)* \ gVg~^ C V^}. Consider the vector representation 
p: CSpin{(j)) GL(y), g ^ {y y-^ Qvg^^) and the spin representation a: CSpin{(j)) — )■ 
GL{C+{V)), g ^ {x ^ gx). Let ZSpin{^): = {g e CSpin{(t)) \ p{g) E Z($)} = 
p-\Z{^)) C CSpin{(j)). Note that p{ZSpin{^)) = Z($). 

Lemma 1. The Mumford-Tate group of the weight 1 Hodge structure on C^iV) is the 
preimage with respect to p of the Mumford-Tate group of the weight 2 Hodge structure on V . 

Proof: The same as Proposition 6.3 in [12]. If hx- — )■ GL(y) and hj^six)'- 
GL{C^{V)) denote the corresponding Hodge structures, then hx = p o cr^^ o hxsix) (as 
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shown in [12]). QED 



Corollary. End{KS{X))Q = Endzspin{'i>)iC'^{V)) , where ZSpin{^) acts on C+(V^) via 
the spin representation (y\zspin{'S>)- 

So, if C^{V) = 0^. T®'"-' is the decomposition of cr\zspin{<s>) ^^^'^ ^ direct sum of irreducible 
(mutually non-isomorphic) representations Tj, then End{KS{X))Q = Ylj M'^tmjxm^iDj) as 
Q-algebras, where Dj = Endcspin(^){Tj). 

Let us assume that m = dirriEV > 3, if E = Eq is totally real, and m = diniEV > 2, if 
E = Eq{6) is a CM-field. In the totally real case condition m > 3 is automatically satisfied 
for any K3 surface X (see [9] and [S]). In what follows we will often denote the field of 
rational numbers Q by and Eo by L. Our approach is not invariant in the sense that we 
choose a basis in V which diagonalizes $ right from the start (see Section 2). 

Consider the epimorphism vr: CSpin{(j)) — )■ SO{(j)) of algebraic groups over Q (induced by 
the vector representation p above) with fiber keriji) = Gm C CSpin{(f)) and its restriction 
ttq: Spin{(f)) — > SO{(j)) to the subgroup Spin{(j)) C CSpin{(f)). Then ttq is a double etale 
covering [3j. 

The argument above shows that the Hodge group Hdg of the Kuga-Satake structure on 
C^{V) satisfies inclusions: 

HdgCi7ro-\Z{m'-G^ and {no-'iZim' ^ Hdg 

(hereafter for an algebraic group G we let denote the connected component of the identity 
and Lie{G) the Lie algebra of G). 

Hence the Q-algebra 

EndHda{C+{V)) = End(^^^^-r^zmriC+{V)) = Endueino-HzimiC^iV)) = Mi.e(z(*))(C+(l^)). 

Let g = Lie(Z($)). Then q = ResE/k{5o{^)), if E is totally real, or g = ResEo/k{'^{^)), 
if E = Eo{e) is a CM-field {9^ E Eq), where k = Q. 

Hence what we are looking for is the algebra of intertwining operators Endg{C^ {V)) of 
the Q-linear representation of the Lie algebra g over Q induced by the spin representation 
of 50 (0) in C'^iy) via the inclusion of Lie algebras g C 50 (0) corresponding to the inclusion 
of the Q-algebraic groups Z{^) C SO{(j)) above. 

The problem of computing endomorphism algebras of Kuga-Satake varieties was ad- 
dressed earlier by Bert van Geemen in papers [13j and |13]. In particular, in [13j he consid- 
ered the case of the CM-field, which is quadratic over Q and in [13] he considered the case 
of the totally real field, computed the endomorphism algebra in several special cases and 
made some general remarks. A different computation of the endomorphism algebra of the 
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Kuga-Satake variety in the totally real case was done by Ulrich Sclilickewei pTj . 

Our solution uses the same ideas as (some of the ideas) in papers [13j and [H]. We 
compute the decomposition of the restriction to g of the spin representation of so{(j)) into 
irreducible subrepresentations over a splitting field of q, and then apply Galois descent. 

Our main result is Theorem 1 in Section 4 complemented by the computation of primary 
representations (which are the multiples of irreducible representations Tj above) and division 
algebras (which are the endomorphism algebras of Tj) in subsequent sections. In this text 
a 'primary representation' means a multiple of an irreducible representation. Some general 
observations regarding representations over arbitrary fields are collected in the Section 2. 
In Section 3 we introduce Galois-invariant Cartan subalgebras. In Section 4 we compute 
decompositions of representations over a splitting field. In Section 5 we construct primary 
representations over Q whose irreducible components appear in Theorem 1. In Section 6 
we compute the division algebras which are the endomorphism algebras of those irreducible 
components. Section 7 is devoted to examples. 



2 Some remarks on Galois theory of representations. 

Let F/k = Q he a. finite Galois extension, g = c © g' be a reductive Lie algebra over k, 
c C be its center and g' C g be its derived subalgebra. Let S = Gal{F/k) and f) C g ®fc F 
be a Galois-invariant (i.e. such that g{[)) = i) for any g ^ S) splitting Cartan subalgebra. 
Let 5 be a basis of the root system R of (g f)). In what follows we assume that all 

the representations of g we are dealing with are finite-dimensional and can be integrated to 
representations of a reductive algebraic group with Lie algebra g (in order to guarantee their 
complete reducibility) . 

Let p: g — 7- EndkiW) be a representation of g over k and W ®k F = ®aVa its decompo- 
sition into irreducible subrepresentations over F. Let Pa = p\y be an irreducible represen- 
tation oi Q®kF with primitive element Va (^W ®kF with highest weight Ua G Hompii), F) 
(with resprect to B). Then for any g E S, p^: = p\g(^Y^) is an irreducible representation of 
g®feF with primitive element g{va) G W<^kF with highest weight gouaog'^ G HoniF^t), F) 
with respect to the basis g o B o g^^ of R. Since the Weyl group of R acts simply tran- 
sitively on the set of bases of i?, for any g E S there exists unique w{g) G Wr such that 
g o B o g~^ = w{g){B). Hence p^ is an irreducible representation of g ^k F with primitive 
element g{va) E W ^k F with highest weight u^: = w{g)^^{g o Ua o g^^) g Homp{t), F) 
(with respect to B). 

Lemma 3. Suppose that pi : g — )► £"^^^(1^1) and P2: g — )■ EndkiW2) are two irreducible 
representations of g over k, Va C Wi ®k F and Vjj C W2 ®k F are two irreducible subrepre- 
sentations of g^k F over F. Then Wi = W2 as g-modules over k, if and only if there exist 
a,T E S such that (pi|y Y = (p2|y Y o,s g ®k F -modules over F . 
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Proof: Schur's lemma. QED 



Corollary. If Pa'- Q^kF" ^ Endp{Va) is an irreducible representation ofg^^F over F, 
then there exists at most one irreducible representation p: q ^ Endk{W) of q over k, such 
that Pa is a subrepresentation of p <S>k F- 

Using the notation of the remark preceeding Lemma 3, let W = (B-yWy be a decomposition 
of p into irreducible subrepresentations over k. Then for any 7 such that C W^y F, by 
Galois descent we have: 





7': w ,^w-y as g- modules 



yx': pi,=p'^, for some T,aes J 



s 



Hence diruk (^0y . w^^w^ as g-modules ^7') - dimp (^0^': pj^p-, for some r.ass ^"') ~ 
J2a' ■ 3t a(^s- uj-^=ui'^ dimpiVa') = TUa ■ dimk{W^), where rua is the multiplicity of in the 
decomposition above. 

So, if W^^, ...,Wj^ are pairwise nonisomorphic (as 0-modules) irreducible 0-submodules 

of W over k (with the corresponding g 0^ F-submodules V^. G W <S>k F) appearing in the 
decomposition above, then W — (BiW-^^ and 

End^iW) ^ JJ Matm„, x,n„. (Di) ask- algebras, 

i 

where Di = EndQ{W^J , W.y^ is the unique irreducible g-module over k such that W^.^kF con- 
tains Vq,. as a 0(g)fcF-submodule over F and = \J2a'-BaeS-uj ,=a;- dimF{Va')) /dimk{W^^). 
We can also write: 

n-u,^. • dimk{W^i) 

where milt{u) is the multiplicity of the irreducible representation of g 0^ C with highest 
weight u (relative to the chosen i) and B) in 1^ (g)^ C and n^^ is the stabilizer of u un- 
der the action of the Galois group S = Gal{F/k) on weights. Note that {cUq,} is a set of 
representatives of the orbits of the action of S on the set of highest weights of irreducible 
representations of g (8)jfc C appearing as irreducible components of W <S>k C. 



This reduces the study of End^CW) to the study of the (uniquely determined) {k = Q)- 
forms of irreducible g C-submodules of W ^k C (i.e. Di = EndQ{Wy.) and dimk{W^.)) 
and the description of the Galois action (of the finite group Gal{F/k)) on the weights of 
g (8)fe C over C. 
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3 Description of the Galois action, Cartan subalgebras 
and bases of the root systems. 

According to Section 2, we need to specify a splitting field -F of g (which should be a Galois 
extension of k), a Galois- invariant splitting Cartan subalgebra f) C g ®a; (i-e. () should 
be Gal{F/ k)-stable) and a basis B of the root system R of the split reductive Lie algebra 
(0 ®fei^,f)). 

Let us assume that ^ = di ■ Xf + ... + dm ■ X"^ {li E = Eq = L is totally real) or 
$ = rfi ■ XiXi + ... + dm- XraXra (if E = Eo(^), 9^ E Eq = L is a CM-field), where di e L for 
any i. In other words, we reduce the Hermitian (or quadratic) form $ to a diagonal form, 
i.e. choose an orthogonal (with respect to $) basis of V such that Xi are the corresponding 
coordinates. 

Let k = Q and F/k be a finite Galois extension such that F contains L, y/di for any i, 
x/^ and e {iiE = Eo{e) is a CM-field, 9^ G Eo). 

Let r = [L: k] and di, o",. : L F be the list of all field embeddings of L into F. 



3.1 Case of the totally real field. 

Let us consider first the case g = ResL/k{5o{^)) C so(0) (i.e. E = Eqis totally real). We will 
denote by Eij a matrix with all entries equal to except for the entry which is equal to L 

Let f)o = SpariL^Ai, ...,Ai), where / = [f] and Ai = d^-i+i ■ -E.m_i+i,i - di ■ Ei^rn~i+i, 
l<i<L Letl)i = f)o ®L,a, F C so(<l>) ^L,a, F and = f)i x ... x c ©[=i(so($) ®L,a, F) ^ 
i?esL/fc(so($)) ®k F = g ®k F . Then f) C g ©fc F is a splitting Cartan subalgebra. 

Note that over F we have $ = di ■ Xf + ... + d^ ■ X"^ = Y,\=i Yi ■ Y^i + eFo^ where 
e = 0, if m is even, e = 1, if m is odd, Yi = \fdi ■ Xi + \J—d„i-i+i ■ Xm-i+i, Y-i = 
\fdi ■ Xi — -yj —dm-i+i ■ Xm-i+i and Yq = di+i ■ 

This implies that for any i,j we have Aj ®L,cTi 1 = ■ Hj, where Tj = —^Jai{dj) ■ 
\/ —(yi{drn-j+i) G F (1 < j < /) (in future we will be writing dj instead of (Ji{dj)) and Hj = 
Ejj — E_j_j (using notation form |T], §13). Hence for any i subalgebra f)j C 5o($) ®L,ai F 
is the same splitting Cartan subalgebra as in [T], §13. By construction f) C g F is Galois- 
invariant. 

Let Rq be the root system of type Bi, if m = 21 + 1 (respectively, of type Di, if 
m = 21) from [1], §13, i.e. _Ro = {iCp; i^p i ^g} (respectively, -Rq = {i^p i Cg}) with basis 
Bo = {ei -£2,62 -63, ...,ei^i-ei,ei} (respectively, Bq = {ei -62, €2 -es, ez_i -e;, e;_i + e;}) 
(using notation from [1], §13). 
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Then for any i the root system of {so{^)^L,a,F, ho^L,a,F) is Ri = {±ep(g)L,^Tp, ±£^0^,^, 
Tp ± eg (^L,a, Tg} with basis 

(respectively, Ri = {±ep ^L,a, ± ^L,a, ^q} with basis 

Then i? = i?i U ... U Rr is the root system of (g ®a; -F, f)) and as a basis we can take 
B = BiU ...UBr C. R. 

The action of the Galois group 5 = Gal{F/k) on weights reduces to its action by permu- 
tation on factors of RiX ... x R^. (or on the left cosets Gal{F / k) / Gal{F / L)) and to switching 
signes in front of various Tp. 

Note the isomorphism of root systems R = RqU ...U Ro (r factors) under which basis B 
is identified with BqU ... U Bq (r factors). 

Let Wp G Wijo (where Wr denotes the Weyl group of a root system R) be the ele- 
ment of the Weyl group such that Wp{Bo) = ap{Bo), where cTp is a linear transformation 
of the Q-vector space generated by the roots of i?o which switches the sign in front of 
Cp and does not change other e^'s. Then in the notation of Section 2 for any g E S, 

= (RpePiCs) ^p"^) ^ ••• ^ (npeP.(g)^p~^)(^ ° ° 9~^) ^ HomF{[),F), where Pi{g) = 

{P I 5'~Hep ®L,<T> Tp) = -ep ®L,g~^oa, Tp}. 

3.2 Case of the CM-field. 

Now let us consider the case g = Resi/ki'^i^)) C so(0) (i.e. E = Eq{9) is a CM-field, 
eEo = L). 

Let f)o = 5pani(Ai, where Ai = 9-Ei^i, fi^ = i)o®L,a,F C u($)(g)i,^.F ^ flK"^,^^) 
and [) = [)i X ... X [)r C ©Li(u($) ®L,a,: i^) = gl(m, F)«^ = i?esL/fc(u($)) ®fc F = g ®fc F. 
Then f) C g ®fc F is a splitting Cartan subalgebra. 

Note that over F we have $ = di ■ XiXi + ... + dm ■ X^Xm = Y-yYi + ... + y^y^, where 
= ■ Xj. Hence for any i, j we have Aj ®L,tJi 1 = 6'- (more precisely we have to 
write \/ai{W) instead of here) in u(<l') ®L,ai F = gl{m, F) and so for any i subalgebra 
f)i C u($) (8>L,(7, F = g[(m,F) is the same splitting Cartan subalgebra as in [T], §13. By 
construction I) G Q ®k F is Galois-invariant. 

Let -Ro be the root system of type Am-i (for the reductive Lie algebra 0[(m) = c©s[(m), 
where c C g[(m) is the center), i.e. Rq = {ep — e^jp^g with basis Bq = {ei — 62, e^-i — em}- 
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Then for any i the root system of (u($) ^L,a, F,i)i) = (g[(m), diagonal matrices ) is 

Ri = Up^L,a,0-eq^L^„^6} with basis Bi = {ei^L,a,0-e2^L,a,0, ...,em-l^L,a,0-em^L,a,0}. 

Then R = Ri U ... U R^ is the root system of {g 0k [)) and as a basis we can take 
B = BiU...UBr<Z R. 

The action of the Galois group S = Gal{F/k) on weights reduces to its action by per- 
mutation on factors of i?i U ... U i?,. (or on the left cosets Gal{F/k)/Gal{F/L)) and to 
multiplication of various 6 by —1. 

Note the isomorphism of root systems R = RqU ...U Rq (r factors) under which basis B 
is identified with BqU ... U Bq (r factors). 

Let Wq G Wijo be such that Wo{Bq) = —Bq. Then in the notation of Section 2 for any 
g e S, u3^ = iwo)'^'^^^ U ... U iwo)-^^''3\g o o g-^) e HomF{i),F), where Pi{g) = 1, if 
g^^{^p0L,ai 6) = — ®L,c,-io(Ti and Pi{g) = otherwise (the action of wq is extended to the 
center of Ql{m,F) as multiplication by —1). 

4 Decomposition of the restriction of the spin repre- 
sentation over a sphtting field. 

In order to apply the general statements of Section 2, we need to decompose the F- linear 
extension of the restriction of the spin representation of so{(j)) in C~^{V) to g C so{(j)) over F. 
For this we need to describe the embedding of Cartan subalgebras induced by the embedding 
of Lie algebras g^k F C so(0) 0k F. 

Lemma 2. If E is totally real, then the Lie algebra homomorphism ©[^;^so($) 0L,ai F C 
50(©[^i($ ®L,a, F)) = 30(0) F sends {Mi,...,Mr) to diag{Mi, M^) . 

If E = Eo{6) is a CM-field (and 9"^ & Eq = L as usual), then the Lie algebra homomor- 
phism ©LiflK"^, F) = ©Liu($) ©L,.. F C so(©Li(($ ®E,., F) © ($ ®Era^ F))) = so(0) ©^ F 
(where in the last formula ai and (Ti denote the two extensions of ai to an embedding of E/k 
into F/k) sends (Mi, ...,M^) to diag{Mi, ■ ■ <l>-\ ...,M^, ■ M/ ■ $-^). 

Proof: One should notice that Resi/k on vector spaces over L is the forgetful functor to 
the vector spaces over k. Hence on the ResL/k{so{^)) (respectively, ResL/k{u{^))), which 
is the Galois- invariant subspace of the source, our homomorphisms have exactly the form 
needed. Extending scalars to F gives the result. See also Proposition 3.8 in [13] and |14j . 
QED 
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4.1 Case of the totally real field. 

Let E = L he a. totally real field. 

For any i = 1, r, j = 1, / (where / = [f ] ) let H'j = ai{d^-j+i)-E„,-j+i+ra{z-i),j+ni{i~i)- 
<7i{dj) ■ Ej+rn{i-i),m-j+i+m{i-i) G 5o(</)) F. Then ff* are hnearly independent elements of 
the splitting Cartan subalgebra \) C so(0) ®kF described in [T], §13. They form a basis of ^, 
if m is even or r = 1. If m is odd and r > 2, then if* together with i//^^, -f^^+i form a basis 
of ^, if we take = cr,._i+i((i;+i)-E(z+i)(r_i+i),(i+i)i-cri((ii+i)-E(i+i)i,(i+i)(r.-i+i), 1 < i < [|]. 

Let us denote by {e*} the corresponding dual basis of {)* = Homp{l), F). Its elements 
differ from the elements of the corresponding basis of the dual Cartan subalgebra considered 
in [I], §13 by scalar factors of the form —^yai{dj) ■ ^/—ai{dm-j+i)- 

Lemma 2 above implies that the restriction of ej_^^ to the Cartan subalgebra f) C g ®a: -F 
is zero, while for any j < I the restriction of e* to [) is the corresponding element of the dual 
basis of fi* of the basis {Aj ^L,ai 1 I ^ < i < r, 1 < j < /} of [). 

If m-r = dinikiy ) > 5, then according to [1], §13 the weights of the spin representation of 
so(0)(8>fc-F in C'^{V)<S)kF (V is considered as a vector space over k) are | j)<^i^]i 
where I runs over the subsets of the set of parameters i and j (i.e. / C {(i, j) | 1 < j < 
/ and 1 < 2 < r or (if m is odd and r > 2) j = Z + 1 and 1 < « < [|]}) and each weight 

has multiplicity "^"^t^^f^^ = 2™^"!-!^]. 

As it was remarked in ^3], Lemma 5.5, this implies (if m > 5) that the restrictions of 
these weights to h G h are exactly the weights of the exterior tensor product of the spin 
representations of 5o($) (8>l,(7, F in C^{V) ®L,cTi F {V is considered as a vector space over 
L), 1 <i < r, taken with multiplicity ^"^^^.I'T^^^^' = 2''"^, if m is even, or with multiplicity 

2mr-l-[mr/2] rri rir-l •£ ■ 

(2m-i-i)r ■ 2'2i = 2" \ if m IS odd. 

Corollary 1. If E = Eq = L is totally real, then the restriction of the spin representa- 
tion p: so(0) ®fc F ^ EndpiC+iV 0^ F)) to Q®kF = ©[=i(so($) ®L,a, F) c so(0) ®k F 
is the exterior tensor product T ■ {piM ... M p^) of spin representations pi: so($) ®L,o-i F — )■ 
EndF{C+{V (^L,a, F)) with multiplicity T = T-\ 

4.2 Case of the CM-field. 

Let E = Ea{e),e'^ e Eo = Lhes. CM-field. 

For any 2 = 1, ...,r, j = 1, ...,m let ii] = -E'j+2m(i-i),j+2m(i-i) — -E^j+m+2m(j-i),j+m+2m(i-i) e 
so(0) ®k F. Then if* form a basis of the splitting Cartan subalgebra f) C so(0) (g)^ -F de- 
scribed in [T], §13. Let us denote by {e*} the corresponding dual basis of ^* = HomF{i), F). 
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This is the same Cartan subalgebra and the same basis as considered in [T], §13. 

Lemma 2 above imphes that the restriction of e* to the Cartan subalgebra f) C g (X>a; -F is 
the element (0, e^, 0) (with outside of the i-th spot) of the Cartan subalgebra (con- 
sisting of diagonal matrices) of Qi{m, F)®"^, where ij = Ejj G Ql{m, F) is the j-th element of 
the dual basis of the Cartan subalgebra of gl(m,F) considered in [Ij, §13. 

If m ■ r = i ■ dirUkiV) > 3, then according to [T], §13 the weights of the spin rep- 
resentation of so(0) ®fc F in C~^(y) <^k F {V is considered as a vector space over k) are 
\ '^ij ^] ~ j)e/^j- Here / runs over the subsets of [1, ...,r] x [1, ...,m]. Each weight has 
multiplicity ''''^'f^y^^ = 2^'-^ (^IJ, §13). 

Suppose m > 2. Then the restrictions of these weights to h G h are exactly the weights of 
the exterior tensor product of the exterior algebra representations of u($) (SiL.o-i F = Qi{m, F) 
in A%{V) ®E,ui F {y is considered as a vector space over E) twisted by Z?~-^/^, 1 < i < r. 
Here D^, c G Q denotes the representation of u($) ®L,ai F = gl(m,F) = c ©s[(m,F) in 
Ae{V) ®E,a, F = A^^(F (^E,<T, F) such that sl(m,F) acts trivially, while 1 G F = c acts as 
c ■ Id. In other words, D": gl(m, F) EndpiA'^iV) 0E,a, F), M ^ c- Tr{M) ■ Id. 

Indeed, for any i, e*- restricts to to the Cartan subalgebra of the semi-simple part 
5[(m,F) C gl(m,F) = u(<l>) ®L,a, F and to m ■ Idp to the center F = c C gl(m,F) = 

U($) ^L,a, F. 

The exterior tensor product above has multiplicity F = 2'"''"^. Indeed, dimF{C~^{V) 
F) = 2^"*''"-'^ and dimF{A*E{V) ®E,ai F) = 2'". Hence the dimention of the exterior tensor 
product is {diniFiAUV) ®E,a, F)Y = 2'"'^ and so the multiplicity is 22'"'^-72'"'^ = 2'"'^-^ 

Corollary 2. If E = Eq{6),9'^ E Eq = L is a CM-field, then the restriction of the spin 
representation p: so(0) ®k F ^ EndpiC-^iV ®k F)) to Q ®k F = ©[^i(u($) ®L,a, F) = 
gt(m, F)®*" C so(0) ®fc F is the exterior tensor product T ■ (piM ... M pr) of exterior alge- 
bra representations pi: gl(m,F) — )■ EndF{A*p{y ®E,ai F) ®)f F) twisted by one- dimensional 
representations D~^/'^: g[(m, F) EndpiF) = F , M ^ (~2to) ' Fr(M) with multiplicity 

p _ 2^mr—l 

Remark, pi is a double-valued 'spin' representation of GL{m, F). 

From these Corollaries one can deduce the highest weights of irreducible subrepresenta- 
tions over F of the restriction to g ®fc F C so(0) ®fc F of the spin representation p: so(0) — 
Endk{C~^ (V)) . Then one can use the description of the Galois action of S" = Gal{F/k) 
on weights of g ®fc F given above in order to break down the highest weights into orbits 
{S ■ Ui, S ■ Ut}. Let us denote the dimension of the irreducible representation of g ®fe F 
with highest weight coi by rfj. Let Pi'. g ^ EndkiWi) be the (unique) irreducible represen- 
tation of g over k such that Wi ®k F contains the irreducible representation of g ®a; F with 
highest weight Ui as a (g ®)k F)-submodule. Then our analysis in Section 2 implies: 
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Theorem 1. 

End{KS{X))Q = End^iW) ^ JJ Matm,xmXDi) as Q - algebras, 

i 

where Di = Endg{Wi), rrii = (di/dimkiWi)) ■ ^^^^5.^^. mult^u) and mult{uj) is the multiplic- 
ity of the irreducible subrepresentation of the representation of on C^{V ®k with 
highest weight cu. 

Remark. In the analysis above we assumed that m = dirriEV > 5 (if is totaUy real) 
or m > 2 (if E is a CM-field and r = : A;]/2 > 2) or m > 3 (if E is a CM-field and 
r = [E : k]/2 = 1). In the case of small m Lie algebras we consider 'degenerate' and requre 
a separate consideration. 



5 Q-forms of spin representations. 

Let us describe more explicitely Q-forms Wj above or at least the corresponding primary 
representations. We will use corestriction of algebraic structures, as in [H], §6 and (in the 
case of totally real fields) representation spaces which we are going to construct in the fol- 
lowing subsection. 



5.1 Galois- invariant sums of ideals of Clifford algebra. 

Let k = Q, E = L he a totally real number field, r = [L : k]. Let $ = rfi ■ Xf + ... + dm ■ 
with respect to basis {ei, ...,6^} of V^, m = dimiV . Let F/A; be a finite Galois extension 
containing L, a/— 1 and \fdi for all i. Let cxi, cr^ : L F be all the field embeddings over k. 

and /o = —7= ■ ei+i. Then {fi, f_i \ l<i<l} (if m is even) or {/o, /», f-i \ l<i<l} 

(if m is odd) is a basis of V ®L,a^ F, where we denote <Ji{dj) by dj. With respect to this basis 
* = 2 ELi Yi ■ + where e = (1 - (-l)'")/2. 



5.1.1 Even dimension. 

Assume that m is even. Let fa^^^^^^ai — fai-i ' ■■■ ' fai-i ^ CiV ®L,ui F) for various ctj G {±1} 
and Ia^^...,ai = C(yiS)L,a, F) ■ fa^^...,ai^ 1 <i<r. Iai^...,ai left ideals of the Clifford algebra 
C{y ®L,ai F) viewed as F- vector subspaces. 

Consider the direct sum of F-vector spaces 

C{V F) = C{V) F= r^^_^. 

ai,...,aie{±l} 
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Note that g{fi) G {±/i, ±/-i} for any i and g & S. Hence the Galois group S = Gal{F/k) 
acts on C{V ^L^a-, -F) (by sending an element of the summand Iai,...,ai to its image under the 
action of S on C(y ®L,a F) viewed as an element of the summand Ij3^^...^j3i, where fp^^...^j3i is 
upto a scalar factor the image of fai,...,ai)- 

It follows from the construction that F- vector subspaces ©[=iP, ^, C ®l=iC(y)<^L,ai F 

for various choices of a* G {±1} are permuted among themselves under the action of the 
Galois group S = Gal{F/k). 

Remark. For any ai, a/ the left ideal ^ C C{V F) is an (so($) ®L,ui F)- 
subrepresentation of the spin representation, which is either irreducible (if m is odd) or is the 
sum of two irreducible and non-isomorphic (semi-spin) representations [2], In the latter 
case, let us write Iai,...,ai = ^au...,ai ® F^i,...,ai fo^ the corresponding (unique) decomposition. 

5.1.2 Odd dimension. 

Assume that m is odd. Let fau...,at,'r = ^"i-i ' ••• ' ^"r' " (1 + 7 " /o) e CiV ®L,a, F) for various 
ai,7 G {±1} and li,^,„^ai,j = CiV ^L,a, F) ■ I < i < r. Ia,^,„^a,,^ are left ideals of 

the Clifford algebra C{V ®L,ui F) viewed as F- vector subspaces. 

Consider the direct sum of F- vector spaces 

C{V F) = C{V) F= 

cn,...,Oi,7e{±i} 

Note that g{l + 7 ■ /o) = (1 ±7 ■ /o) for any g & S. Hence the Galois group S = Gal{F/k) 
acts on C(y ^L,aiF) (by sending an element of the summand Iai,...,ai,-y to its image under the 
action of 5* on C{V ^L,a F) viewed as an element of the summand /^i,...,/3i,7', where fp^,...,pi,y 
is upto a scalar factor the image of fai,...,ai,'y)- 

It follows from the construction that F- vector subspaces ©[=iFi ^, C ©[=iC'(V^) ®L,cr, 

F for various choices of a*, 7* G {±1} are permuted among themselves under the action of 
the Galois group S = Gal{F/k). 

Remark. For any 7 the left ideal Iai,...,ai,'y ^ C{V ^L,a^ F) is an irreducible 

(so($) ®L(7 F)-subrepresentation of the spin representation (since m is odd by assumption) 

We will use C(y ®L,a, F) as representation spaces of (so($) ^L,ai F) (the direct sum of 
its representations on the left ideals of the Clifford algebra) in order to construct primary 
Q-forms of spin representations. 
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5.2 Case of the totally real field and odd dimension. 

Let E = Eq = L he totally real and m = dirriLV odd. Let Sj C C^iV ®L,ai F), \ < i < r 
be the irreducible subrepresentation of the spin representation of 5o(<l') ®L,cri F. Then 
Si ®F ••• ®F is an irreducible representation of ©[^;^(so($) ®l,u, F) = Q®k F. 

Let C{y ®L,cr, F) = (BpSp be a decomposition into irreducible components of the repre- 
sentation of so($) ®L,cr, considered above. Let fl' be the finite set of F-vector subspaces of 
CiV®L,a-, F) ®F ••• ^FC{V^L,ar F) (oi of C{V®L,ar F) - ®F <^(^ ®L,a, F)) of the form 
Sp^ ®F ••• ®F for various pi, ...,pr. These subspaces are irreducible subrepresentations of 
the exterior tensor product of spin representations as a representation of ©[^]^(so($) ®L,a,F). 

Galois group S = Gal{F/k) acts on Q'. Take any element Sp_^ ®f ••• ®f Sp^ of fl'. Let 
U C C(y ®L,(Ti F) ... Civ ®L,ar F) be the sum of the elements of Q! (as subspaces 
of C{V 0L,.^F) 0F -^F C{V 0L,ar F)) lying in the 5-orbit of S^^ ^f ■■■ ®f S;^. Then 
U C C{V ®L,a^ F)®F - -^F C{V ®L,ar F) is an S'-submodule. 

Since the actions oi q d Q®k F and S = Gal{F/k) commute, by Galois descent 

is a primary representation of g over k of dimension uq ■ 2'''', which contains Si ®f ••• ®f S,. 
after extending scalars to F. 

Multiplicity uq is the length of the S'-orbit in Q' of the chosen element 5*^^ ®f ••• ®f Sp^, 

of n'. 

Remark. We will use notation introduced above. Consider the action of S = Gal{F/k) 
on 2'"*"^ elements (or more precisely on the lines generated by them) //3i,...,/3,,-y of GiV ®l F) 
for various /3i, 7 by sign changes in front of a/^^'s and ^J —dm-i+i?> in the definition of 
fi in terms of Cj (see notation above). Then (if we choose all Sp- to be the same) 

_ order oi S = Gal{F/k) 
° order of the stabilizer of /i,...,i,i 

5.3 Case of the totally real field and even dimension. 

Let E = Eq = L he a. totally real field and m = dirriLV even. Let S^^, S^" C G^iV ®l,u, 
F), 1 < i < r he irreducible (semi-spin) subrepresentations of the spin representation of 

S0($) ®L,a^ F. 

Consider the finite set VL of F- vector spaces of the form S"^ ®f ■■■ ®f S"'' for various 
ttj G {+,—}• They are exactly the irreducible components of the exterior tensor product of 
spin representations S^ = S+ © Sr c G^{V ©l,^, F) of ©^=i(so($) ®L,a, F) (see [J, §13, 
[2], |1])- They are also the isomorphism classes of simple ©[^^(5o($) ®L,ai -F)-submodules 
of G{V ®L,ai F) ®F ■■■ ®F G{V ®L,ar F) . Let C{V ®L,a, F) = ®pSi be a decomposition 
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into irreducible components of the representation of 5o($) <S>L,ai ^ considered above. Let 
Vt' be the finite set of F- vector subspaces of CiV ®L,ai F) ®f ■■■ ®f CiV ®L,ar P) (o^^ of 
C{y ®L,a^ F) ®F ••• ®F C{y ^L,ar F)) of the form S^^ ®f ••• ®f S^^ for various pi, ...,Pr. 
These subspaces are irreducible subrepresentations of the exterior tensor product of spin 
representations as a representation of ®^^i(5o($) ®L,<7i -^)- 

Galois group S = Gal{F/k) acts naturally on both Vl and Vt' . Let l^i, Vt^ be the orbits 
of S on VL. For any i choose (ai, a^) ^ and define f/j C CiV F)®p ...®pC{y 
F) to be the sum of the elements of Q! (as subspaces of CiV F)®p ...^pCiV ®L,ar F)) 
lying in the S'-orbit of any S^^^p ■■■ ®f S^^, which is isomorphic to E^^ ®p ...®p E"'' as an 
®[=i(so($) ®L,ai -F)-module. 

Then Ui C C{V ®L,ai F)®p ...®p C{V ®L,ar F) is an 5'-submodule and 
{Uif ^ I (E?i ®p ... ®p E^")®""!. -.' 

\{ai,...,ar)&^i 

is a primary representation of g over k of dimension ^(^^^ ar)en, ''^ai,. -,or ' T"^^~^\ These rep- 

S 

resentations {Ui) , 1 < i < u contain all representations of Q<S>kF of the form E"^ (8)f---®fE^'' 
after extending scalars to F. 

Multiplicities nai,...,ar can be computed as follows: 

order of the stabilizer of (cti, a^) G fl 

Tl — ^ . 

ai,-,ar order of the stabilizer of (pi, ...,Pr) £ ^' 

Remark. We will use notation introduced above. Consider the action of 5" = Gal{F/k) 
on 2' elements (or more precisely on the lines generated by them) //3i,...,/3; of C{y <S>l F) for 
various /3i,...,/3i by sign changes in front of \/Si's and (im_j+i's in the definition of fi in 
terms of Cj (see notation above). Then (if we choose all Sp^ to be the same) 

(stabilizer of (pi, ...,Pr) £ ^') = (stabilizer of (ai, a^) G Jl) fl (stabilizer of /i,...,i). 

Remark. Instead oi C{V(^lF) one can also consider the Clifford algebra C{V<SilF) (or 
its even part C~^{V ®lF)). Then the corestriction of C{V) (or of C^{V)) (with K viewed as 
a vector space over L) from L to A; = Q (or Galois-fixed subspaces of sums (inside of tensor 
products of C(V)®lF) of tensor products of (0®fc-F)-invariant F-vector subspaces (or ideals 
used above) of C{V) ®lF, which form a single Galois orbit) would be a representation of Q 
over Q — k, whose extension of scalars to F contains all the irreducible representations (and 
only them) of Q^k F over F which we need. In particular, in the case of odd m it would be 
another primary representation of Q over k. 



5.4 Case of the CM-field. 

Let E = Eo{e),e^ e Eo = Lhe a CM-field. 
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Note that the tautological representation of u{^)<^L,ai ^ ™ ^®L,ai F splits into the direct 
sum of two representations of Ql{m, F) = u($) ®L,<Ti F: 

V ®L,<r, F={V ®E,., F) ® {V ®E,a-, F) , 

where ai and (Tj are the two extensions oi (Ti: Eq ^ F to embeddings E ^ F. 

Since the exterior power representations f\^p{V ®E,<fi F) and f\^p{V ®E,ai F) of u($) ®L,ai 
F = g[(m, F) are identified by the Lie algebra automorphism Q\{m,F) — >■ Q\{m,F), M i->- 
— $ • M-^ • we have isomorphisms 

®E,a-, F) ^ A™-^(V ®E,a. F) D'^ 

and hence also isomorphisms 

Tp-. A^(V ®E,a-. F) ®F {E ®E,a, F) ^ A^^'^V ®E,a. F) ®F D'^l'^ , l<p<m 

of representations of Ql{m, F) = u($) ®L,ai F. 

Let a] C A|;-(V^ ®E,<Ti F) ®F F, I < i < r, 1 < j < m he the irreducible representation 
of Ql{m, F) on the F-vector space A^p{V ®E,ai F) twisted by D'^l"^ . We define an Fo-linear 
representation D'^, c G Q of u($) in the Fo-vector space E in exactly the same way as for 
0l(m, F) above, i.e. by taking the trace of a matrix and multiplying it by ^. 

Consider the finite set ^2 of F- vector spaces of the form A{^ ®p ... ®p f\^^ for various 
2i e {1, ...,m}. They are exactly the isomorphism classes of irreducible subrepresentations 
of the exterior tensor product of (twisted by D~^l'^ and extended to F) exterior algebra 
representations a:^(V^ F) ®p {E F) of ©Li(u(*) ®l,c, F) ^ 0l(m, F)®\ 

Let f\*p{y ®L,ai F) ®p {E ®L,ai F) = (BpSp be the decomposition into irreducible com- 
ponents of the representation of u($) 0^,0-^ F = gl{m,F) obtained from the decomposi- 
tions E ®L,a, F = {E ®E,a, F) ® (F ^E,a- F) ^ D'^/^ © D^^ ^ F © F and F (g)^,^. F = 
{V ®E,ai F) e {V ®E,a-i F) above. 

Let Q! be the finite set of F- vector subspaces of (A^(V^ ®l,(ti F) ®p (F ®l,(ti F)) ®p 
... ®p {^*p{y 0L,ar F) ®F {E 0L,ar F)) of the form S^^ ®p ... ®p S^^ for various pi, 
These subspaces are irreducible subrepresentations of the exterior tensor product of exterior 
algebra representations as a representation of ©[^]^(u($) ®L,(ji F). 

Galois group S = Gal{F/k) acts on VL by permuting factors in tensor products. It also 
acts on Q! . Let Vti, Vtu be the orbits of S on Q,. For any i choose (ji, jV) £ and define 
Ui C {A*p{V®L,a, F) ®p {E0L,n F)) ^p ... {A*p{V®L,ar F) ®F iE0L,ar F)) to be the sum 
of the elements of (as subspaces of {A*p{V (^L,ai F)(^p {E®l^„-^ F))®f ...®p {^^iy ®L,ar 
F) ®F {E ®L,cTr F))) lying in the S'-orbit of any S^^ ®f ... ®f Sp^, which is isomorphic to 
Ai^ ®p ... ®p A> as a ©^=i(u($) ®L,ai F) ^ g[(m, F)®''-module. 
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Then Ui C (A^(l/ F) ®f {E (g)^,^, F)) ®f ... ®f (Af(^ ®L,cr F) ®f {E ®L,cr F)) is 
an 5'-submodule and 

{Uif ^ I (Af ®F ... ®F A>)®"«.-.- 




is a primary representation of g over k of dimension ^^^.^ >)ef2, ^:/i>-,> ' (^) ' ■■■ ' (J*)- 
These representations {U-i}^ . 1 < i < u contain all representations oi Q <S>k F of the form 
A{^ ^f ... A^'' after extending scalars to F. 

The reason why nontrivial multiplicities may appear is exactly the doubling V ® L,ai F — 
(y ®E,(ji F) ® {V ®E,ai F) described above. Hence one can compute multiplicities nj^^,„^j^ as 
follows. Consider the finite set Q!' of r-tuples of signs + and — , i.e. VL" = {(en, a^) | = 
±}. Note that the i-th sign corresponds to the i-th embedding ai: L ^ F over k. Consider 
the action of 5* = Gal{F/k) on Q!' such that g E S acts on entries of r-tuples by the same 
permutations as on the set of left cosets S/H (where H = {g E S \ g o ai = ai}) and g 
changes the sign in the i-th entry to the opposit sign (in the j-th entry, where aj — g o ai) 
if and only if g{e) = -9. Then 

order of the stabilizer of (ji, ...,ir) £ ^ 

Tl ' — ^ . 

order of the intersection of stabilizers of (+, +) e and of {ji, ...,jr) & 

This gives a description of some multiples of {k — Q)-linear irreducible representations 
Wi of g mentioned in the Theorem above (as well as formulas for their dimensions - some 
multiples of dimkiWi)) in terms of the Galois action. 



6 Cohomology classes of division algebras. 

In this section we compute division algebras Di as elements of the Brauer group Br{F/Cj) = 
H^{Gal{F/Cj), F*) as well as their centers Cj. 



6.1 Case of the totally real field and odd dimension. 

Let E = Eq — L he totally real and m = dirriEV odd. We saw above how to construct 
a primary representation W = of q over A: = Q, which contains irreducible repre- 
sentation M ...M (the exterior tensor product of irreducible spin representations) of 
= ©[^^5o($) ®L,ai F after extending scalars to F. This means that W = Wq^, where 
Wo is an irreducible representation of Q over k and Wo <^k F ^ ^,■{dimpZ")r ' P° ^ ■■■ ^ P°- 
Since we are interested only in the endomorphism algebra Dq — Endg{Wo) which is a central 
division algebra over k split over F, we can describe it by computing the Galois cohomology 
invariant of the central simple algebra A = Endg{W) = Mat^x/i(-Do), i-e. its Brauer invari- 
ant in Br{F/k) - H\S, F*), where S = Gal{F/k). Then = ^ = 
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We will use the same notation as above with the following exceptions: 

/ai,...,a;,7 (1 ~l" T ■ /o) ■ fai-1 ' ••• ' fai-h 



fa-i I ~l~ ■ ■ 6m— i+1 

y y — am-j+i 

Some parts of our construction (in particular, the construction of the generators of endo- 
morphism algebras) may be viewed as a generalization of some constructions of van Geemen 
[13], §3. 

Consider F-linear homomorphisms 

where r: C{V^lF) — ?■ C{V ^lF) is the algebra homomorphism induced by multiplication 
by (-1) on V, ^(7,7) = 1, if 7 ^ 7 • (where P{a,f3) = card{i \ ai ^ A}) and 

otherwise, and 

where c{a, (3) is the number of transpositions of factors needed to transform the product 
Ilif»i-i ■ Hi: a.^ft f|3^■i i^to the product q ■ Yl- fp^.t with some coefficient q G C{V ®l F). 
Then r((Q,,),^),((/3.),^) is nonzero only on the factor Iai,...,ai,'y of C{V F) and induces an 
isomorphism /qi,...,^;,^ — )■ Ii3^,...,f5i,^ which commutes with the action of so($) ®l F. 

In order to simplify notation we will denote index ((Q;j),7) by a. 

One can choose coefficients A^./s G F* such that under an isomorphism of F-algebras 
Mat{F) = Endso{<s>)(s>LF{C(y ®l F)) matrices of the form Eij (in the notation of P, §13) 
correspond to endomorphisms Xa,i3 ■ ^0,13- In order to do this, one can choose and fix index 
a° = ((a°),7°) and take 

= 1, Xf3,aO = (_l)^K.«-^(7°>7)+PK,/5)-(P("°,/3)-l)/2 . "Q 



and 



Kfi = KaO- (_l)^("'/5)+'5(7.7)■(^+P{a,/3))+<5(7,7°)•(^+^'(",«''))+5(7^7)•(^+^'("^/3)) . JJ 

where a = ((ctj), 7), /5 = ((/5j), 7), e(a, /3) is the number of transpositions of factors needed in 
order to transform the product H^. ^0^^. fa,-i ■ Hi: aO_^ft /-ft-i into the product ]\^. ^^^^^ f^^.i ■ 
Hi, o,,=i5,jLcfiXfl3^-i ■ f-P^■i)■ Note that in this construction X^.^ e L*. 
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Then we construct endomorphisms 

r{ai),m = rli^^i o ... o r^.^^. : C{V Ol,^, F) (g)F ... ®f C{V Ol,^^ F) 

which commute with q ®k F, where = ((«!, af), 7^), (3^ = ((/^i, /^f), 7^) and 

= 1 ®F ... ®F {raP,l3p) ®F ... ®F 1 : C {V ®L,a, F) (g)F ... ®F C'lV^ ®L,a. i^) -> 

(with 1 outside of the p-th spot). 

As in [13], Proposition 3.6 F-algebra Endg,2)kF(}V F) = A F is generated by el- 
ements (^i) (more precisely, by those of them which correspond to the summands of 

C{V ®L,a^ F) ®F ... ®F C{V ®L,ar F) iucludcd mW ®kF = U C. C{V ®L,a^ F) ®F ... ®F 

C{y ®L,cTr F)) or by elements ^, while fc-algebra A = Endg{W) = {A ®k F)^ is generated 
by elements r^'^ = J2ges di^g) ' 9 ° ''^a,/?' "where {cq} is a basis of F/k. 

Let us denote by (cg_g) the inverse matrix of the matrix {g{eq)). Then r^^^ = Cg^/^-r^'^ 
and for any g ^ S = Gal{F/k) if we denote by 0c,: A F A F the conjugation by 
g: a ® / H- a g{f), then 

{ai),{l3i)) = g or (q7,(/37 = r 

where the action of S on upper indices i (which number embeddings (Xj : L F) coin- 
cides with its action on left cosets S/H, where H = {g E S \ 9\ai{L) ~ ^^o^iiL)} 
and the action of g E S on indices a = ((cti, a^), 7) is given by the rule g{a) = 
{{ci{g)-ai,...,ci{g)-ai),Co{g)--f),vfheYe Ci{g) E {±1} and ^((/o,,...,^,;,^) = /ci(g)-ai,...,q(9)-a,,co(g)-7- 

Hence the matrix of mlg) G GL{W ®k F) is such that 

where i^jj denotes a matrix from Mat{F) = Endg(^^F(W ®k F) corresponding to r(Q,i) (^i), 
i.e. upto a scalar multiple conjugation by m{g) acts on matrices as the (same) permutation 
of columns and rows induced by g on indices ((a*), 7*). 

Then the element of H'^{S,F*) corresponding to the central division algebra Dq = 
Endg{Wo) is the class of a 2-cocycle X: S x S ^ F* = F* ■ Id C Mat{F), (^1,^2) ^ 
m{gig2) ■ (^i(m(^2)))"^ • ^(^i)-^ [8], [5j. 
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6.2 Case of the totally real field and even dimension. 

Let E = Eq = L he totally real and m = dirriEV even. We saw above how to construct 
a primary representation W = {Ui)^ of q over k = Q, which contains irreducible represen- 
tation Kl ... Kl p"'' (the exterior tensor product of irreducible semi-spin representations) 
of (8>fc -F = ©[=i5o($) ®L,(Ti F after extending scalars to F (as well as its Galois conju- 
gates). This means that W = Wq^, where Wq is an irreducible representation of q over k, 
W 0kF = ®iWi and Wi = ^J^l^^^y ■ p""^' S ... K p"'-' are the isotypical components (over 
F). Since we are interested only in the endomorphism algebra Dq = EndQ{Wo) which is a 
division algebra over k (and over its center C) split over F, we can describe it by computing 
the Galois cohomology invariant of the central simple algebra A = Endg{W) = Mat^x^lDo) 
(over C), i.e. its Brauer invariant in Br{F/C) = H\S',F*), where S' = Gal{F/C). Then 

deg{A) ria,-^,...,^^ 

^^ - deg(Do) ~ deg(Do) ' 

We will use the same notation as above with the following exceptions: 

fai,...,ai fai-1 ' ■■■ ' fai-h 



fa-i I ~l~ ■ ^ ■ i+1 



Some parts of our construction (in particular, the construction of the generators of endo- 
morphism algebras) may be viewed as a generalization of some constructions of van Geemen 



Consider F-linear homomorphisms 

: Civ ®L F) R(aOm^ 

where P{a,(3) = card{i \ ai ^ and 

1. Li ■ n =S \Jii J—i) a -La 

±±i.at Pj i: ai=l3i i: at^^i 

where c{a, (3) is the number of transpositions of factors needed to transform the prod- 
uct Ylifa,-i ■ Hi: ai^fjjpvi into the product q ■ Hi /ft-i with some coefficient q G CiV (g)^ 
F). Then r(^ai),{i3i) is nonzero only on the factor Iai,...,ai of CiV ®l F) and induces an 
isomorphism Iai,...,ai -^/3i,. -,A which commutes with action of so($) ®l F. Without 
mentioning this explicitely, we will be restricting all our endomorphisms to the factors 
of C*(V" ®L,(7i F) ®F ... <^p Civ ®L,ar F) contributing to an isotypical component Wi C 

CiV ®L,a, F) ®p ... ®F CiV 0L,.r F). 

In order to simplify notation we will denote index (ctj) by a. 

One can choose coefficients Xa,i3 € F* such that under an isomorphism of F-algebras 
MatiF) = En4o(*)®iF(W^i) (note that Wi C CiV F) ®f - ®f CiV ®L,ar F) and see 
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the remark above) matrices of the form Eij correspond to endomorphisms \a,p'^a,j3- In order 
to do this, one can choose and fix index a° = (q;°) and take 

AaO,^ = 1, A^,„o = (-1) ''^^^ ^ ■ _[_[ 

and 

where a = (a,), /9 = e(Q;,/3) is the number of transpositions of factors needed in or- 
der to transform the product Hi: aO^a, foc,-i ■ Wi, ofi^p, f-P^■^ i^to the product Hi: " 
Hi: a,=p,^aoif|3^■^ " /-ft-i)- Note that in this construction A„,/3 G L*. 

Then we construct endomorphisms 

r{a^)m = rli^^i O ... O r;._^. : C{V ®L,a, F) ®f - ®F Ciy ®L,ar F) 

III ®F ••• ®F I^r C C{V ^L,ai F) ••• ®F 0L,ar F) 

which commute with g F, where = (a^, af), (3'^ = (/3f , and 

^ C'lT/ ®L,a, F) ®F ... ®F C{V ^L,a. F) 

(with 1 outside of the p-th spot). 

As in [13], Proposition 3.6 F-algebra Endg^i^FiW F) = A F is generated by el- 
ements (^i) (more precisely, by those of them which correspond to the summands of 
C(y ®L,ai F) ®F ... ®F C{y ®L,ar F) iucludcd in various isotypical components Wii ®k 
F C Ui C C{V ®L,ai F) ®F ... ®F C{V ®L,ar F)) oi by elements r^_^, while fc-algebra 
A = EndgiW) = {A ®fc F)^ is generated by elements r^'_^ = J2g(zs di^q) ' 9 ° ^a,i3y where {cg} 
is a basis of F/k. 

The center C of A (and of Dq) consists of Galois averages (as above) of F-linear com- 
binations of sums Ci' = (111=1 "^jl-^aNaO) ' (ovcr the sets li' of indices 
corresponding to irreducible subrepresentations over F of W ®fc F contained in various iso- 
typical components Wi>). Each of the coefficients of these F-linear combinations gives a 
field embedding C ^ F over k = Q. Note that A F = Y[A (g)c F, where the product 
is taken over these embeddings (which are numbered by the isotypical components Wi/ of 
W<S)kF over F) and A^cF = Endg^^FiWi^). Moreover, the projection AiS)k F ^ A^c F 
is given by annihilating endomorphisms between irreducible subrepresentations of isotypical 
components Wi" different from Wi/. More explicitely the subfield C G F under the em- 
bedding corresponding to an isotypical component Wi' is the fixed subfield of the subgroup 
S' C S consisting of those g E S which preserve the isotypical component: g(Wii) = Wi'. 
Let us choose one such embedding C ^ F (which corresponds to a choice of an isotypical 
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component Wi' of W F). 



Let us denote by (cg^g) the inverse matrix of the matrix {g{eg)). Then = J^q'^qJd-r^'^i^ 
and for any g e S' = Gal{F/C) C S = Gal{F/k) if we denote by (f)g: A he F ^ A 0c F 
the conjugation by g: a ® / t-> a ® then 

where the action of S" C S* on upper indices i (which number embeddings ai: L "—^ F) coin- 
cides with its action on left cosets S/H, where H = {g E S \ g\^^(^j^-^ = Id^^(^L)} and the ac- 
tion of (? G S" C 5* on indices a = (ai, a/) is given by the rule g{a) = {ci{g)-ai, ci{g)-ai), 
where Ci{g) G {±1} and g{fau...,ai) = fci{gyai,...,ci{9yc^r 

Hence the matrix of m{g) G GL{Wi>) is such that 

m{g) ■ Eij ■ m{gy^ = (pg{Eij) = ( j _ ^^^^^^^^.^^ 

where Eij denotes a matrix from Mat{F) = EndQ(^^p{Wii) corresponding to r(Qi) (^i), i.e. 
upto a scalar multiple conjugation by m{g) acts on matrices as the (same) permutation of 
columns and rows induced by g on indices (ct*). 

Then the element of H^{S',F*) corresponding to the central division algebra Dq = 
End^iWo) (over C) is the class of a 2-cocycle X: S' x S' ^ F* = F* ■ Id C Mat{F), 
{91,92) ^ m{gig2) ■ (^1(7/1(^2)))^^ • "^(^1)"^ 0, 0- 



6.3 Case of the CM-field. 

Let E = Eo{6),6'^ E Eq = L be a CM-field and m = dirriEV. We saw above how to 
construct a primary representation W = (Ui)^ of Q over k = Q, which contains the irreducible 
representation K ... K p"; of (g)^ F = ©[^iu($) Ol,^,^ F = gl{m,F)®'' after extending 
scalars to F (as well as its Galois conjugates). Here G {±}, 1 < ji ^ fri and 

pj; : 0[(m, F) ^ Fnc?^(Ai^(V 0E,a,-a F) F) 

is the exterior product representation twisted by D"'/^, where ±cr: E ^ F are the two 
embeddings extending a: L F. This means that = W^'^, where Wq is an irreducible 
representation of over fc, ®fc F = (BiWi and PF^ ^ ■ p^^' K . . . K pj/ are 



the isotypical components (over F). Since we are interested only in the endomorphism alge- 
bra Dq = EndglWo) which is a division algebra over k (and over its center C) split over F, we 
can describe it by computing the Galois cohomology invariant of the central simple algebra 

1.13. iia uiauci liivaiiaiii iii ±ji / j = ii^^ 

deg(A) 



A = Endg{W) = Mat^y,^{Do) (over C), i.e. its Brauer invariant in Br{F/C) = H^{S',F* 



where S' = Gal{F/C). Then p 



deg(Do) deg(Do) ' 
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Our computation is analogous to the case of a totally real field considered above. 
Consider F-linear homomorphisms 

ra,^ : A^(y <^E,a.a F) F ^ A^(y <^E,0.. F) (8)^ F, e ^ (nf^^'^^ (0, 

where P(— 1,+1) = 1, P(+l, — 1) = —1, P{a,a) = and r* = (BpTp is the direct sum of 
isomorphisms of 0l(m, F)-modules 

®E,a-, F) ®F (E ®E,a-, F) ^ A^-^(V^ ®E,a, F) ®f D-^'^ 

introduced above. Then r^,^ induces an isomorphism 

®E,a-a F)®fF^ ^^^{V ®E,p.c F) ®f F 

which commutes with the action of u($) ®l F = gl{m,F). Without mentioning this ex- 
plicitely, we will be restricting all our endomorphisms to the factors of {/\*f{V ^L,ai F) iSif 
{E(^L^„-^F))^F---^F{/\*F(y^L,arF)^F{E^L^„^F)) Contributing to an isotypical component 

Wi C \a*f{V ®L,a, F) ®F {E ®L,a, F)) ®f - ®F {/\*f{V ®L,a. F) ®f {E ®L,ar F)). 

Then we construct endomorphisms 

r{a%m = o - o rl^r^pr : {A*f{V F) ®f (E ®L,a^ F)) ®f ■ ■ ■ 

...®F {A*f{V ®L,ar F) ®F (E ®L,Cr F)) ^ 
^ {A*F{y ®L,a, F) ®F (E F)) <^f - ®F (Af(^ <»L,ar F) (E 0^,^^ F)), 

which commute with g (g)^ F, where (a*) = {a^, ...,a^), = ...,(3^) and 
r^p,^p = 1 (8)F ... <8)F {rap,pp) - ^f 1 : (Af(^ ®L,ai F) (g)^ {E ^l,^ F)) ^f ■ ■ ■ 

. . . <8)F {A*f{V ®L,ar F) ®F {E ®L,ar F)) ^ 
^ {A*f{V ®L,ar F) ®F (E ®L,a^ F)) ®f - ®F (A*f{V ®L,ar F) ®F (E ®L,ar F)) 

(with 1 outside of the p-th spot) . 

As in the case of a totally real field E, F-algebra Endg^i^F{W®kF) — A(8)fcF is generated 
by elements ^(^1) (^i) (more precisely, by those of them which correspond to the summands of 
(A>(y F)(g)F {E(g)L,a, F))^F-^F (A^(V^®l,^, F) ®f (^ ®l,<x, F)) iucludcd in various 
isotypical components 1^^/ (g)fc F C Ui C iA*Flv (g)L,ai F)(g)F iE(g)L,a, F))(g)F ...(S)f iA*F{V (g)L,ar 
F) ®j7 (F 0L,ar F))) or by elements ^, while /c-algebra A = Endg{W) = {A ®fc F)^ is gen- 
erated by elements r^'^ = X^gesf (^?) ' f ° ^a^' where {cq} is a basis of F/k. 

The center C of A (and of Dq) can be computed exactly as in the case of a totally real 
field. In particular, field embeddings C — t- F correspond to the isotypical components Wii 

over F, A F = Endg^i^F{^Vi'^ , the projection A ®fc F = A ®c — ^ ^ ®c 
is given by annihilating endomorphisms between irreducible subrepresentations of isotypical 
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components Wi" different from Wii and the subfield C C F under the embedding correspond- 
ing to an isotypical component Wi' is the fixed subfield of the subgroup S' C S consisting of 
those g E S which preserve the isotypical component: g(Wi') = Wi>. Let us choose one such 
embedding C ^ F (which corresponds to a choice of an isotypical component Wi> of W^kF). 

Let us denote by (cg^g) the inverse matrix of the matrix {g{eg)). Then r^^ = X^g'^g.w^a^ 
and for any g e S' = Gal{F/C) C S = Gal{F/k) if we denote by (f)g: A he F ^ A (g)c F 
the conjugation hj g: a <^ f a ® g{.f)i then 



where the action of S" C S" on upper indices i (which number embeddings 0"j : L F) 
coincides with its action on the left cosets S/H, where H = {g G S \ ~ ^^o^iiL)} 

and moreover g E S' C S multiplies the i-th index a' in the r-tuple (a*) = (a^, ...,a^) by 

g{0)/e = ±1. 

Here Xa'',i3''ig) ^ F* are suitable constants. In order to compute them, note that isomor- 
phisms 

Tp: ®E,a-, F) ®F {E ®E,a, F) ^ A^(\/ ®E,a-, F) ®f {E ®E,a-, F) ^ 

= A^iV ®E,a, F)*) ®F {E (g)E,., FY ^ A^-^(F (S)E,., F) ^E (E (S)E,a, F) 

(where the first arrow is the isomorphism determined by the matrix of $^^) are defined over 
E. If we assume that the isomorphism A|;(V)* — )■ A^~^{V) ^e E is defined via the pairing 

AliV) 0E A'^^-'XY) -> A^iV) =E, x^y^xAy, 

then we find that Xak,(sk{g) = 1, if g{9) = 9 or a'' = (3'' and Xaf=^[sk{g) = (— ■ 
{g{ak{disc{^))))~^'^°''°'^'°^ otherwise. 

Hence the matrix of mlg) G GL{Wi>) is such that 

m{g) ■ Eij ■ m{gY^ = ^g{E,j) = (^K^s'^ig)^ Eg^i^^g^j), 

where Eij denotes a matrix from Mat{F) = Endg^^EiWi') corresponding to r(Qi) (^i), i.e. 
conjugation by m{g) acts on matrices upto a constant as the (same) permutation of columns 
and rows induced by g on indices (a*). 

Then the element of H'^{S',F*) corresponding to the central division algebra Dq = 
EndgiWo) (over C) is the class of a 2-cocycle X: S' x S' ^ F* = F* ■ Id C Mat{F), 
(^1,^2) ^ rn{gig2) ■ {gi{m{g2)))~^ ■ m{gi)-^ [8], [5]. 
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7 Example. 



Let = Q, r = 3 and 5 < m < 6. Let p < be the negative root of the cubic polynomial 
f(t) = t^ — 3t+l. Then and 1 — ^ are the other two roots of f{t) and E = L = k{p) is 
a totally real cyclic cubic Galois number field [6] . 

Let $ = -p ■ - p ■ X| - X| - ... - X^. Then by [0] there is a K3 surface X such that 
EndndgiV) — E (where V is the Q-lattice of transcendental cycles on X), diniEV = m and 
V ®eV ^ E is the quadratic form constructed in [15j . 

Let F = k (^y/p, \Ji^j y^l — ^ j be our choice of a splitting field. Note that L C F and 
v/^=yp.^.yr^GF. Then 

5 = Gal{F/k) = (Z/2Z)®3 X Z/3Z 

is a nonabelian extension of Z/3Z = Gal{L/k) with generator (7 by (Z/2Z)®'^ with gen- 
erators /ii,/i2,/i3, where acts on the generators (/ii, /i2, /^s) by the permutation (123). 
We also denote by g the element of 5* such that g{y/p) = ^ g {^-^ 



g (y\J^ '~ ~j = a/P- We assume that each generator /ij, 1 < i < 3 multiplies by —1 the i- 
th square root among y^p, J Jl — - and does not change the others and that hi\^ = Id. 



There are 3 field embeddings L "-^ F: cti = Id, a2 = g\i^ and = g'^\i^- Then 



for any i = 1,2,3, 1 < J < / = [f]. Hence ^l.^^Ti = ^l^.Fs = ■ ^p, ^l.^^Fi = 

^L.a^Fa = ■ ®L,a3ri = (^L,a,T2 = ■ ^1 - i, ^L.^^s = for all z (if 

m = 6). 

(1) Let us consider first the case m = 5. The root system is of type B2: Rq = {±ep, ±ep± 
eg I p,g = 1,2} with basis i?o = {£1-62,62}. Hence i?i = {6i(g)L,^Ti -62®L,a,r2, 62®l,ctT2}, 
1 < z < 3. The restriction of the spin representation of so(0) ®k F in C^iV ®k F) to 
Q®kF = i?esL/fc(so($)) ®fc -F is isomorphic over F to 2^ copies of the exterior tensor product 
M M p° of the irreducible spin representation of so($) ®l F. Hence over = Q the 
restriction of the spin representation of so(0) in C^iV) to = i?eSi/fe(so($)) C so(0) is 
one single irreducible representation with multiplicity p which splits over F into — copies of 
pOHpO^pO; C+{y) = U®^'. 

In order to estimate ^ (which divides rio), let us consider 

= /i ■ ••• ■ /i ■ (1 + /o) = g - n I + , ^ ■ e^_i+i ) ■ ( 1 + i — ■ ej+i 
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(we use notation as above), where q e F is such that a{q) — ±g for any a E S — Gal{F/k). 
In our case 



= 9 ■ (ei + • \/p ■ 65) ■ (62 + • • 64) ■ (1 - • 63). 

Hence the stabihzer of (the hne in C{V (8>l F) generated by) consists of the elements 

gf*^, i.e. has order 3. Since Gal{F/k) has 24 elements total, wc find that uq = 8. Hence either 
— = 1 or — = 2 or — = 4 or — = 8. In the first case, p'^ M M p° is already defined over Q 

M A* A* M 

and p, — 2^, while in the other cases p — 2'^,p — 2^ and p — 2^ respectively. 

Hence in this case End{KS{X))q = Mat^y(n{D), where D — Endg{U) is a division alge- 
bra. Let us check that D ^ Q. 

Let us compute the cohomological invariant oi D. In our case 

W^kF ^ 1/(1,1,1) ® ^"(1,^,1/) © V(i/,i,r) © V(i/,i/,i) © V(2',2,2) ® V{2,2',2) ® ^"(2,2,2') ® V'(2',2',2') , 

where V(p^,p2,p3) = Sp^ C^^pSp^ ^F^^ps notation of Section 5.2 and the values 1, 1', 2, 2' of 

Pi correspond to the indices (cti, a2, 7) of ideals /q,j 7 follows: 1 = (+ + -1-), 1' — ( h), 

2 = ( ), 2' = (+ + -). 

Let us denote 1 = 2, 1' = 2', 2 = 1, 2' = V and 1 = 2', 1' = 2, 2 = 1', 2' = 1. Then 
9{V(pi,P2,P3)) = ViP3,Pi,P2) and /ii(V^(pi,p2,p3)) = '^^(91 ,92,93)) where = pi and = p,- for j ^ i. 

Let us denote a = (1,1',!'), b = (IM, 1'), c = (!',!', 1), d = (1,1,1), p = (2', 2, 2), 
q = (2, 2', 2), r = (2, 2, 2'), s = (2', 2', 2'). Then using formulas from Section 6 we can choose 
coefficients Xa,/^ = 111=1 ^a\i3^ ^ ^* as follows: 

• Aa,^ = 1 for {a,/3) e {(d, -), (s, -), (a, a), (6, 6), (c, c), (p,p), (g, g), (r, r)}, 

• Xa,0 = 1 for (a,/3) e {(6,g),(a,p),(c,r),(g,6),(p,a),(r,c)}, 

• Aa,/3 = ci for (a,/3) e {(6, a), (6,p), (c,a), (c,p), (g,a), (g,p), (r,a), (r,p)}, 

• Aa,;3 = C2 for (a, ^) e {(a, 6), (a, g), (c, 6), (c, g), (p, b), (p, g), (r, 6), (r, g)}, 

• A„,^ = C3 for (a, /3) e {(6, c), (6, r), (a, c), (a, r), (p, c), {p, r), (g, c), (g, r)}, 

• Aa,^ = C1C2 for (a, /3) e {(c, d), (c, s), (r, d), (r, s)}, 

• Aa,^ = C1C3 for (a, 13) e {(b, d), (b, s), (g, d), (g, s)}, 

• A„,;3 = C2C3 for (a,/3) G {{a,d), (a,s), (p,rf), (p, s)}. 

Here we denoted a = a, (i(7r:r^%x^) = (4^) ■ 
Then in the formulas in Section 6 we can take: 
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m{g) 



G 
G 



is an 8 X 8 matrix whose rows and columns are numbered according 



to the following sequence of indices of V(p^,p2,P3) • (dabcspqr), 



m{hi 



Xi 



is an 8 X 8 matrix whose rows and columns are numbered 



according to the following sequence of indices of V(pj^p2,P3) • (dabcpsrq), 

m(/i2) = ( 1 ^ Q j is an 8 X 8 matrix whose rows and columns are numbered 

VciC3 2 y 

according to the following sequence of indices of ^2,^3) • {dabcqrsp), 
X~^^ 

^ ' is an 8 X 8 matrix whose rows and columns are numbered 



■X. 







• m{h3) = 

according to the following sequence of indices of V(pj,p2,P3) ■ {dabcrqps), 

• m{g'' ■ hl^hl^hf) = m{gf ■ {m{hiY^ ■ m(/i2)"' • mih^Y^), where < < 1, A; > 



Here we denoted G 



Xi 



/I 0\ 
1 

10 
\0 1 0/ 
/I \ 
C2 
ci 
\0 C1C2J 

Note that m{hi) ■ m{hj) — m{hj) ■ m{hi), m{hif' 
m{g) ■ g{m{hi)) ■ m{g)~'^. 



/I 0\ 

C2C3 

C3 

vo C2J 



Xo^ 



/I 0\ 

C3 

C1C3 

\0 ci/ 



and X^ 



Cl C2C3 



m{gf = 1 and m{ghig ^) 



This implies that the class of D in H'^{S,F*) is represented by the 2-cocycle X: S x 
S ^ F* such that Xihl'h^'hl^h'l'hl'hl') = (0203)^' ■ (0103)^2 . (^02)^^ and \{g^h,g^h') = 
g^^\\{g~^hg\ h')), where < < 1, < fej < 1, = 1 if = 6j = 1 and otherwise, and 
h, h! are elements of the subgroup (Z/2Z)®^ C S generated by hi, /i2, ^3- 



Since QCj = (^ 4.q..(p)g- (p) j ^ square in L*, we conclude that A is a coboundary. Namely, 
the required morphism c: S ^ F* (whose coboundary is A) can be defined as follows: 

where < < 1, A; > 0. Note that c{ghig-^) = g{c{hi)). So, the class of D in H^{S,F*) 
vanishes. Hence D = O. 



So, in this example End{KS{X))Q ^ Ma^ssex 256 (Q)- 

(2) Now let us consider the case m = 6. The root system is of type D^: Rq — 
{±ep ± Cq I P,q — 1,2,3} with basis Bq = {ei — 62,62 — 63,62 + £3}. Hence ~ 
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{ei<^L,ai^i - e2<S)L,ai^2,e2<S)L,ai^2 " e3(^L,ai^3, e2<S)L,ai^2 + es^L.^iTs}, 1 < i < 3, and the 
Weyl group is generated by sign inversions in front of two of £1,62,63 and by all possible 
permutations of 61, 62, 63. 

The restriction of the spin representation of so{4>) ®k F in C^iV ®k F) io q ®k F — 
ResL/k{so{^)) <^k F is isomorphic over F to the sum of the exterior tensor products of semi- 
spin representations (in all possible combinations) each with multiplicity 2^: C'^l'V F) = 
©Qi 02 a36{±} ■ (/'"^ ^ P"^^ ^ P"'^ ) • Hence the set Q of highest weights consists of the elements 
(^01,02,03 = I • Yl^i=i{^i<^L,ai^i + e2<^L,ai^2 + Oii ■ e^^^aj^^j for various ai e {±1}. 

Note that g{uJai,a2,a3) = Wa3,ai,a2 and /ii(a;ai,a2,a3) = '^-ai -aa -a3- ^0, Q = fii U ^2 haS 

two 5'-orbits: Qi = a;_ _ _} and Q2 = _, a;+ a;_ _,+, _, a;+ _ _}. 

Hence over /c = Q we have: C^{V) = U®^(BV®'^ as g-modules, where U and V are not iso- 
morphic as representations of g = ResL/k{5o{^ j). U®kF splits into ^ copies of p"*" Kl p"*" Kl p+ 

and ^ copies of p~Klp~Klp~, while V®kF splits into ^ copies of p^ilElp^^lElp"^ with other aj's. 
In order to estimate multiplicities ^ and let us consider 

(we use notation introduced above), where q & F is such that a{q) — ±q for any a & S — 
Gal{F/k). In our case 

= g ■ (ei + ■ \/p ■ ee) ■ (cs + ■ \/p ■ 65) ■ (63 + ■ 64). 

Hence the stabilizer of (the line in CiV ®l F) generated by) consists of the ele- 

ments . Since the stabilizer of (^+,+,+ G ^2 as a subgroup of S is generated by elements 
g, hih2, hihs, h2h3, we conclude that n+,+,+ = 4. Since the stabilizer of - G ^ has 4 
elements: and /ii/i2, ^1^3, ^2^3, we conclude that 7^+,+,- = 4 as well. The same computa- 
tion as in the case m — 5 above shows that — = — = 1 i.e. a — u — 256, and the division 
algebras Di — Endg{U) and D2 — EndgCV) are fields, i.e. coincide with their centers. 

According to Section 6.2, the center Ci of Di is the subfield of F fixed by the stabilizer 
of e ^, i.e. Di = Ci = k{\^—l). Similarly, the center C2 of D2 is the subfield of F 

fixed by the stabihzer of co+,+ - G i-e. -D2 = C'2 = fc(\/^, p). 

So, in this example End{KS{X))^ ^ Mat256x256(Q(^^)) x Mai256x256(Q(V^, p))- 

(3) Let us modify the first example above. Consider the same number p and the same 
totally real cubic field E = L = k{p), but a different quadratic form 

^ ^ -{a + p) . - {a + p) ■ - Xi - Xl - Xl 
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where a is a fixed rational number between and — p: < a < —p. As above, these quadratic 
form and totally real field correspond to a K3 surface X ([9J). Assume that 1 + 3a — > 
is not a square of a rational number. 

Let F = k ^Y^a + p, ^ a + ^ a + 1 — ^, -\/— be our choice of a splitting field. Note 



that L C F and y/a + p ■ y a + • + 1 — ^ = V— 1 — 3a + a^. Then 

^ = Gal{F/k) ^ Z/2Z © G, 

where G is the group isomorphic to the Galois group of the splitting field from the first 
example above, i.e. G is a noncommutative group extension of Z/3Z = Gal{L/k) by 

(Z/2Z)®^. Let g he a. generator of Z/3Z such that g{y/a + p) = + g ^^a + = 

^a + 1 — g (y\J O' + -'^ ~ p) ~ -\/a + p, 5f(-\/— 1) = V— 1- Let hi,h2,h3 be the generators 
of (Z/2Z)®^ and /iq be the generator of the first factor Z/2Z in S above such that each hi, 



< i < 3 multiplies by —1 the i-th square root among y/a + p, y a + y a + 1 — ^ 

and does not change the others. We also assume that hi\j^ = Id, < i <3. 

There are 3 field embeddings L ^ F: (Xi = Id, cr2 = qIl ^^'^ "^3 — s'^Il- Then a/oT^^iJ = 
\/cri{d2) = ■ y/a + p, A/a2((ii) = a/o^2(^ = ■ y^a + j^, \/o^(di) = \/a^(d2j = 

■ y/a + 1 - i, A/0-i(rf3) = a/0-2(4) = a/o^sPs) = ^-0-^(^4) = a/^O^K) = 1 

for any i = 1,2,3. Hence ^L.tnLi = (8)L,(7ir2 = ■ y/a + p, ©L.^ari = ®L,a2r2 = 



As in the first example above, the root system is of type B2: Rq = {±ep, icp ± Cg | 
p,q = 1,2} with basis Bq = {ei - €2, £2}. Hence Bi = {ei^L,a,'^i - ^2®L,cT,^2,^2®L,a,'^2}, 
1 < i < 3. The restriction of the spin representation of so(0) F in C~^{V F) to 
g^kF = ResL/k{so{^)) ®fc F is isomorphic over F to 2^ copies of the exterior tensor product 
p° Kl p*^ Kl p" of the irreducible spin representation of so($) ®l F. Hence over = Q the 
restriction of the spin representation of so(0) in C^iV) to = i?eSi/fc(so($)) C so(0) is 
one single irreducible representation with multiplicity p which splits over F into ^ copies of 
pOHp°KpO: G+(y) = U®^'. 



In order to estimate — (which divides tiq), let us consider 



= /i ■•••■//• (1 + /o) = g ■ n I + / ■ em-i+i I ■ I 1 + — • ej+i 

j=i \ y —dm-i+i J \ y di+i 

(we use notation as above), where g G F is such that a{q) = ±q for any a G S* = Gal{F/k). 
In our case 



= 9 ■ (ei + ■ a/oTp ■ 65) ■ (ea + ■ a/« + P " ^4) ■ (1 - ■ eg). 
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Hence the stabilizer of (the hne in C{V F) generated by) consists of the elements 

g^, i.e. has order 3. Since Gal{F/k) has 48 elements total, we find that Uq = 16. Hence 

either — = 1 or — = 2 or — = 4 or — = 8 or — = 16. In the first case, p° Kl p° Kl p° is 
^ 11 ^ ^ ^ 'lit 

already defined over Q and = 2^, while in the other cases = 2^, = 2^, = 2^ and 
fjL — 2^ respectively. 

Hence in this case End{KS{X))q = Mat^^^{D), where D — Endg{U) is a division 
algebra. Let us compute the cohomological invariant of I?. In our case 

W®kF = © V(i/,i,i) © V^(i,r,i) © V(i,i,i/) © V(i/,i/,i/) © V^i,v,v) © V(i/,i,i.) © V(i/,i/,i)© 

ffi V{2,2,2) © V(2',2,2) © V(2,2',2) © V(2,2,2') © V^(2',2',2') © V(2,2',2') © V(2' ,2,2') © V(2',2',2), 

where V(p^,p2,p3) = S'p^ ®f S^,^ ®f S^,^ in the notation of Section 5.2 and the values 1, 1', 2, 2' of 

Pi correspond to the indices (ai, q;2, 7) of ideals /qj 7 follows: 1 = (+ + +), 1' = ( h), 

2 = (+ + -), 2' = ( ). 

Let us denote 1 = 1', P = 1, 2 = 2', 2' = 2 and 1 = 2', 1' = 2, 2 = 1', 2' = 1. Then 

where qi — pi and = pj for j ^ i. 

Let us denote a = h = (1,1', 1), c = (1,1,1'), d = (1,1,1), a' = (1,1', 1'), 

b' = (l',l,l'), c' = (l',l',l), d' = (l',l',l'), p = (2', 2, 2), g = (2, 2', 2), r = (2,2,2'), 
s = (2,2,2), p' = (2, 2', 2'), q' = (2', 2, 2'), r' = (2', 2', 2), s' = (2', 2', 2'). Consider the set 
of indices T = {d, a, b, c, d', a', b' , c' , s, p, q, r, s', p', q', r'} and the morphism t: T ^ T,s 
d,p ^ a,q ^ b,r c, s' d',p' h- )■ a', q' ^ b', r' ^ c' and a; a; for all other x E T. 

Then using formulas from Section 6 we can choose coefficients A^,^ = 111=1 Aa<,/3< E F* 



as follows: 






• 




= A^,^, = X^^^ = 1, Ad',d = C1C2C3 and Aa;,^^ = Xt{x),t{y) for any x,y eT, 




• 


Aa,/3 


= 1 for (a, /3) e {(a, d'), (a, 6'), (a, c'), (6, d'), (6, a'), (6, c')}. 




• 


Aa,/3 


= 1 for (a, P) E {(c, d'), (c, 6'), (c, a'), (a', d'), (b', d'), (c', d')}. 




• 


Aq,/3 


= Ci for (a, /3) E {(a, a'), (a, d), (a, 6), (a, c), (ci', a'), (6', c), (6', a'), (c', 6), 


(c',a')}, 


• 


Aa,/3 


= C2 for {a, P) E {(6, 6'), (6, d), (6, a), (6, c), (d', 6'), (a', c), (a', 6'), (c', a). 


(c',6')}, 


• 


Aa,/3 


= C3 for (a, ^) e {(c, c'), (c, d), (c, b), (c, a), (d', c'), (a', 6), (a', c'), (6', a), (6', c')}. 


• 


Aa,/3 


= C1C2 for (a, /3) G {(d', c), (c', c), (c', ci)}. 




• 


Aa,/3 


= CiC3for {a,l3)E{{d',b),{b',b),{b',d)}, 




• 


Aa,/3 


= C2C3 for {a, E {{d', a), (a', a), (a', ci)}. 
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Here we denoted c, = cr, 



^<I.(/l,/_l).$(/2,/_2) 

Then in the formulas in Section 6 we can take: 



) - (4(a+p)^)- 



is a 16 X 16 matrix whose rows and columns are numbered 



/G 0\ 
G 
G 
\0 G/ 

according to the following sequence of indices of V^p^^p^^p^) : {dahcd'a'h'c'spqrs'p'q'r'), 



m{g) 



m{hi) — 



/ 1 0\ 
i-1 

'''o 1 



is a 16 X 16 matrix whose rows and columns are num- 



V ^-1 oy 

bered according to the following sequence of indices of V(j)^^p^^p^) : {da'hcad! c'h' sp' qrps'r' q' 



m{h2) 



/ 1 0\ 
^•1 

""'o 1 



is a 16 X 16 matrix whose rows and columns are num- 



V 0^-10/ 

bered according to the following sequence of indices of V(pi,p2,P3) • {dab'cbc'd'a'spq'rqr's'p' 



m{h^) 



/ 1 0\ 
i ■ 1 
"'o 1 



is a 16 X 16 matrix whose rows and columns are num- 



V 0^-10/ 

bered according to the following sequence of indices of V(pj ,p2,pz) '■ {dab(^cb'a'd'spqr'rq'p's' 



m{ho) = 



/ Xq-i \ 

^■Xo 

-^x, 
V 



C1C2C3 



^0 

C1C2C3 " 

Xo"^ / 



is a 16 X 16 matrix whose rows and 



columns are numbered according to the following sequence of indices of V(pj^p2,P3) ■ 
{dabcs'p'q'r'd'a'b'c'spqr) , 

• m{g^ ■ hl^'hl^hfhf) = m{gY ■ (m(/io)"° • m(/ii)«i • m(/i2)"' • miha)"^), where < 
ai<l,k>0. 



Here we denoted G 



and Xq 



/I 0\ 

ci 

C2 

VO csj 



(I 








o\ 




(I 








o\ 











1 


, 1 = 





1 











1 














1 





^0 





1 


0^ 




^0 








V 



(in the definitions of m{hj)) 
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Note that m{hi) ■ m{hj) = m{hj) ■ m{hi), m{hiY = ^, 1 < i < 3, m(/io)^ = 
m{gf = 1 and m{ghig~^) = m(g') • g{m{hi)) ■ m{g)~'^. 

This imphes that the class of D in H'^{S, F*) is represented by the 2-cocycle A : SxS ^ F* 
such that 

and \{g^h,g^h') = g^+\\{g-^hg\h')), where < < 1, < 6^ < 1, = 1 if = 6^ = 1 
and otherwise, and h, h! are elements of the subgroup Z/2Z© (Z/2Z)®^ C 5" generated by 

/lO) ^1) ^2, ^3- 

Let us multiply A by the inverse of the coboundary of the 1-cochain given by the morphism 
c: S ^ F* such that 

c{g' ■ hi^hi^hi^hi^) = g' • {v^T' ■ {v^r ■ {v^^r) , 

where < < 1, A; > 0. Note that c{ghig~^) — g{c{hi)). 

This changes A to a 2-cocycle X' : S x S ^ F* such that 

X'ig'' ■ h;'^'h1'hl^hl\g^ ■ hJ'^'hl'hJ'ih^i) = (_i)«o-{&o+&i+&2+63)^ 
where < < 1, < 6^ < 1. 

Let H G S he the subgroup generated by ^f, /ii/i25 ^i^s, ^2^3 and 

F^ (^V^, ^{a + p){a+ + 1 = k{V^, V-1 - 3a + a^) 

be the corresponding fixed subfield of F. Denote the generators of Gal{F^/k) = Z/2Z © 
Z/2Z by ho and h — /ii/i2^3- 

Wc sec that the class of D in H'^{S, F*) is the image under the inflation homomorphism 
H\Gal{F^/k), (F^)*) H\S, F*) oi a class represented by the 2-cocycle A" : Gal{F"/k) x 
Gal{F"/k) k{^r^, V-1 - 3a + a^)* such that X"{ho,ho) = X"{ho,h) = -X"{h,ho) = 
—X"{h, h) = —1. Multiplying it by the coboundary of the 1-cochain given by the morphism 
c: Gal{F^ /k) — )■ (F^)* such that c{h) = c{hQ) = V~T, c{hhQ) = 1, we obtain a 2-cocycle 
(also denoted by A") with the property X"{hoh,—) = X"{—,hoh) = 1 and X"{hQ,ho) = 1. 
Note that (_p^)<'^o/j> — /c(Vl + 3a — a^) is a totally real quadratic field with Galois group 
Z/2Z with generator 1. 

This means that the cohomological class of D can be obtained via the inflation homo- 
morphism from the class in H'^{Gal{k{\/l -|- 3a — a^)/k), k{\/l -|- 3a — a^)*) of the 2-cocycle 
Aq: Z/2Z X Z/2Z ^ fc(Vl + 3a - a^)* such that Ao(l, 1) = -1. 
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Hence D is a quaternion algebra over Q = k of degree deg{D) = 2 split over Q{\/1 + 3a — a^) 
with 4 generators over Q: 1, k such that = = 1 + 3a — a^, k = ij = —ji. In other 
words, D = {1 + 3a — ,1 + 3a — a^)Q. 

So, in this example End{KS{X))Q = Mati28xi28((l + 3a — a^,l + 3a — a'^)^). 
(4) If in the previous example we take 

^ = -{b. p) . xf - (b. p) . xi - xi - X! - xl 

where 6 > is a rational number which is not a square of another rational number, then the 
same computation as above gives: 

End{KS{X))Q ^ Matu8xi28{{b,b)Q) 

for the corresponding K3 surface X. 
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